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Abstract 
The accounting of change and assessment of impact of the revolting factors on the technological process demand making a 
mathematical description. It is necessary to add dynamic models of the technological process and the corresponding 
mathematical models of the influencing factors to such description. The ratios allowing estimation of form deviations upon 
studying of dynamic properties in a static form have been received. For more detailed analysis of communication between basic 
elements of the technological system, the cutting zone with the actual cutting depth is separately determined. The dependencies 
allowing to characterize the technological system condition in relation to the actual cutting depth are received. The offered ratios 
have allowed to characterize the power balance and can be used for the analysis of dynamic properties and upon program 
corrections for CNC machines. 
© 2016 The Authors. Published by Elsevier Ltd. 
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1. Introduction  
One of the main objectives of mechanical engineering is increase of productivity of technological processes at 
simultaneous improvement of quality of products. This task is especially actual for grinding and finishing operations 
because they finally form consumer qualities of a product. It also is the main reason for increase of attention to such 
operations when which performing as show statistical data, the big share is made by processing by abrasive tools. 
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According to the available data, in recent years in world production the number of the operations which are 
carried out by abrasive tools has increased approximately by 20%. At the same time labor input of grinding and 
finishing operations has made 34% of the general labor input of machining of details in the main production that 
causes requirement of increase of productivity of such operations with simultaneous ensuring the set quality of 
details a share processing by abrasive tools makes [1-4]. 
The most essential requirements imposed to the made details at the same time appear reduction of deviations 
from the set geometrical parameters and other qualities of a surface of products. Such output parameters of details as 
deviations of a form and a sinuosity, in essential degree are defined by the course of course of processes of fair 
grinding, and their dynamic properties define quality of details [5-9]. The fluctuations arising and extending in 
system of processing inevitably find the reflection in parameters of a form of products. 
2. The construction of a dynamic model of the internal circular grinding 
Technological process (TP) of internal cylindrical grinding is impossible without force interaction of the 
workpiece and the tool. It requires assurance of mechanical linkage between the basic elements of technological 
system (TS) for its implementation - the tool and the workpiece. This linkage is one-sided (unilateral constraint) [10-
16]. The condition which characterizes it, is represented by the relation:   
( ) ( ) ( )L R rW W Wd  ,  (1) 
where L(Ĳ) – is the current distance between centers of the tool and the workpiece, R(Ĳ) and r(Ĳ) – are values of the 
current tool’s radii and the workpiece in a cutting area intended for the line connecting the tool pole and the 
workpiece in matching times.  
In turn, the radius - vector R(Ĳ) and r(Ĳ) may be represented in the form: 
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where R0=const1, r0=const2; ǻR(Ĳ), ǻr(Ĳ) – basic values of the respective radii and deviations from them for the 
current values of the same parameters of the tool and the workpiece.  
As one of the evaluation options of R0, the statistical average for measurement results of  instrument radii can be 
selected, which can be defined by the tops of abrasive grains, and as r0 – is similar average for the halves of the 
measured workpiece diameters. 
The components of deviations ǻR(Ĳ) and ǻr(Ĳ) are deviations of the circle of the forming tool and the workpiece – 
ǻRĭ(Ĳ) and ǻrĭ(Ĳ); ǻRu(Ĳ) and ǻrc(Ĳ) – are changes in the current size of the workpiece and the tool due to allowance 
and wear removal; dimensional changes due to heating and expansion – ǻRt(Ĳ) and ǻrt(Ĳ) as well as due to deformation 
of the elastic tool bodies and workpiece during TP – ǻRy(Ĳ) and ǻry(Ĳ), accordingly, i.e. 
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The second and third component in each of system equations (3) are relatively slowly changing, and / or 
accurately predicted quantities that allow them to be taken into account when assessing the values R0(Ĳ) and r0(Ĳ). 
The first components of the same relations depend on the tool and workpiece form and vary depending on the 
tool and workpiece rotation angles during the process. 
In order to make the presentation compact there is an assumption of poles coincidence of these elements TS with 
their geometric centers as well as that the machine drives ensure consistent angular speed of rotation of the tool and 
the workpiece. 
Then the angular and linear speed of points forming their surfaces are related as: 
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rotation angles of the tool and the workpiece are characterized by periodic time dependencies: 
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Correlation (5) make it possible to compare ǻRĭ(Ĳ) and ǻrĭ(ĳ1) and to evaluate form deviation when assessing 
dynamic properties for a static tool form. 
Expression (1) is reasonable to be introduced with designation as an additional system element of interpenetration 
area between tool and workpiece - cutting zone with depth tf [17]. 
Within this zone randomly spaced cutting tool elements (abrasive grains) go through the body blank and modify 
blank form of the last. Selecting the cutting area as a separate system element by presenting its characteristics allows 
to use consistent modular models of various directivity, complexity and level of specification, the form of which is 
determined by specific objectives of modeling stage. 
At description of the cutting zone as a dynamic element of the mechanical system the main interest is in those 
characteristics that determine the possibility of potential and kinetic energy accumulation in this object as a result of 
the tool and the workpiece moving as solid bodies, as well as in ability to dissipate stored energy. 
For physical reasons, the existence of such a zone can be possible only if the depth of the zone tf is a positive 
value, which corresponds to the terms of the inequality (1) and makes it possible to rewrite it in the form of the 
following system: 
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The first of system equations (6) can be considered as a formal presentation of bilateral constraint description, 
and the second one characterizes the condition of its existence. This makes it possible to apply classic methods of 
theoretical mechanics for building rated simulation circuit of the tool and workpiece moving dynamics, as elements 
of the mechanical equivalent of TS. Significant errors can be ignored while calculating substance amount in the 
cutting zone in relation to the masses of the workpiece and the tool. It is also possible not to take into account the 
effect of separating cutting chip and wear debris of the grinding wheel from the workpiece and the tool on TS 
dynamics. 
Stand type of research is shown in figure 1, and the design model for the TS analysis is shown in figure 2. 
The following symbols are used for modeling: 
– m1 and m2 – are tool and workpiece masses with coordinates x1 and x2, thus being counted relative to a fixed 
coordinate system in production process associated with the machine; c1 and c2 – are the stiffness of the work piece 
and the boring bar; h1 and h2 – are linear damping coefficients characterizing the energy dissipation performance of 
considered elements by the speed of their moving; c3, h3 – are equivalent stiffness and damping coefficient of the 
cutting area; Vu and Vk – are linear velocities of workpiece and tool surfaces, respectively; z – is the distance 
between the mobile support and of the machine body and the boring bar. 
With a constant supply of s for the machine limb the z(Ĳ) value is defined as  
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It is reasonable to characterize conditions of TS in dependence of the value tf, determined on (6), and, given the 
received symbols in the calculation scheme rewritten as: 
2 1ft x x R r    .  (8) 
 
Fig. 1. stand for studies process. 
 
Fig. 2. design model of internal circular grinding process 
At description of dynamic characteristics of TP, the TS mode with tf<0 is not of interest. Under (6) it corresponds 
either to a lack or cessation of tool contact with the workpiece. And TP either has not started yet or is interrupted, 
and the dynamical system being considered as a carrier of TP properties corresponds to two unrelated systems with 
independent descriptions: tool subsystem and the workpiece subsystem, the behavior of where there are no signs that 
are specific to the processing, i.e. its symptoms do not match the specifications of TP behavior. Moving of each of 
these subsystems is carried out independently of each other and is determined by external influences and the 
corresponding initial parameters. 
Fulfillment of the condition tf=0, is being corresponded to the moment of workpiece contact by the tool. In 
accordance with (7), the condition x2- x1=R-r, with regard to (8) and (4), may be represented in the form: 
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Depending on closing speed sign of tool and workpiece centers s(Ĳ)  
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that can be represented in the form: 
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Equation (11) can be used for determining the start time of the touch, and, subject to (4) and (5) – for determining 
angular positions of the tool (ĳ1,0), and the workpiece (ĳ2,0).  
It may also be useful to determine restrictions when selecting feed modes which depend on the errors of the 
initial shape of the tool part.  
When building statistic characteristics of shape descriptions, these correlations allow us to construct density 
functions of the quantities. 
Nonfulfilment of correlations (11) corresponds to the cessation of contact and separation of the tool from the 
workpiece. If in future change rate of centre-to-centre distance does not change its sign, the condition (11) may start 
running again, thus corresponding to a multiple tool touches of the workpiece. 
Status of operation nominal mode is characterized by TS condition tf=tfnoml>0. When developing management 
software, f.e. for numerical control machine building, it is usually considered no deviation from the calculated 
values of the tool and workpiece dimensions (ǻRĭ=0 ɢ ǻrĭ=0). Here, it is considered that both the workpiece and 
the tool are not imbalanced, tool wear corresponds to the technological standards, removal of the material 
corresponds to the calculated parameters. 
On the basis of (8), subject to (3) under the above mentioned conditions, the cutting depth is defined as: 
2 1 0 0( ) ( ) ( ) ( ) ( )ft x x R rW W W W W      (12) 
In correlation (12) there are two variables, i.e, the system has two degrees of freedom. 
In accordance with the design scheme the position of B point in the coordinate system of the workpiece and the 
tool, is defined as 1B fx x r t        and     2Bx x R  , respectively, that determines cutting zone depth as 
2 1 ( )ft x x R r    .  (13) 
Using the principle of D'Alembert when building a dynamic description of TS, power balance can be 
characterized and taking into account (13) the results can be presented in the form of state space: 
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3. Conclusion  
Presented correlations can serve both for the analysis of dynamic properties of internal grinding processes, for the 
construction and correction of programs for numerical control machine building and the design of new equipment. 
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